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NUCLEAR DIMENSION
AND THE
CORONA FACTORIZATION PROPERTY
PING WONG NG AND WILHELM WINTER
Abstract. We show that stabilizations of sufficiently noncommutative sepa-
rable unital C∗-algebras with finite nuclear dimension have the corona factor-
ization property.
0. Introduction
The classification of nuclear C∗-algebras has seen rapid progress in recent years, es-
pecially since the systematic exploitation of algebraic, topological and homological
regularity properties, such as Z-stability (where Z denotes the Jiang–Su algebra),
finite topological dimension (most notably finite decomposition rank and finite nu-
clear dimension) and unperforation of the Cuntz semigroup. We refer to [6], [23],
[24] and [25] for an overview and a number of sample results. It has been conjec-
tured that the above mentioned properties are all equivalent, at least for separable,
simple, unital and nuclear C∗-algebras.
In this paper we are particularly interested in nuclear dimension; this is a notion
of topological dimension for nuclear C∗-algebras which was introduced in [27] and
which generalizes the earlier concept of decomposition rank, cf. [11]. Finite de-
composition rank has proven to be extremely useful for the classification of stably
finite, simple, unital C∗-algebras. Nuclear dimension accesses substantially larger
classes of C∗-algebras; for example, Kirchberg–Phillips classification has turned out
to cover precisely those simple and traceless C∗-algebras which satisfy the universal
coefficient theorem and have finite nuclear dimension, cf. [27]. The present article
contributes to the study of nuclear dimension and its relations to other notions of
regularity for (nuclear) C∗-algebras.
The corona factorization property is a regularity property of stable C∗-algebras;
while it can not in general be expected to be equivalent to any of the aforementioned,
it is closely related to and was motivated by extension theory problems related to
classification theory — specifically, the theory of absorbing extensions.
The latter was originally developed to provide nice characterizations of KK-
theory, and to prove the stable uniqueness theorems of classification theory. (See
[5], [1], [8], [9], [21], [3], [16].)
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A major starting point was Elliott’s and Kucerovsky’s algebraic characterization
of nuclearly absorbing extensions (see [5]). Basically, a separable stable C∗-algebra
has the corona factorization property if and only if it has abundantly many absorb-
ing extensions [15]. Among other things, this includes many of the extensions that
have been important in classification theory, and leads to simple and nice charac-
terizations of KK-theory [15]. More recently, the corona factorization property has
been used to classify many nonsimple nuclear C∗-algebras (including interesting
examples coming from dynamical systems and graph theory; see, for example, [4]).
It turns out that the corona factorization property is also intimately connected
with the structure theory of C∗-algebras [14], [18]. Fundamental questions, like
whether the extension of a separable stable C∗-algebra by a separable stable C∗-
algebra has a stable extension algebra, are closely related to the corona factorization
property and the techniques used to study it.
In the present article we study stabilizations of separable unital C∗-algebras with
finite nuclear dimension; our main result (cf. Theorem 4.3) says that such alge-
bras always have the corona factorization property, at least if they are sufficiently
noncommutative:
0.1 Theorem: Let A be a separable and unital C∗-algebra no hereditary subalgebra
of which has a nontrivial elementary quotient. Suppose dimnucA ≤ n <∞. Then,
A⊗K has the corona factorization property.
We remark that Ortega and Rørdam have, independently from us and with dif-
ferent methods, arrived at a result similar to ours in [19]: they show that stabi-
lizations of separable, unital C∗-algebras with finite decomposition rank have the
corona factorization property. Our Theorem 0.1 partially generalizes this statement,
since decomposition rank dominates nuclear dimension, cf. [27]. The proof in [19]
heavily relies on systematic use of the Cuntz semigroup, and on n-comparison for
C∗-algebras with decomposition rank at most n as derived in [20, Lemma 6.1]. The
respective statement is not known for C∗-algebras with finite nuclear dimension,
which is the reason why we employ Kirchberg’s covering number, cf. Section 3.
One of our motivations is to make progress on the question whether finite nu-
clear dimension implies Z-stability for simple C∗-algebras. The respective state-
ment for decomposition rank has been shown in [24]; that proof also relied on [20,
Lemma 6.1]. We are optimistic that our use of Kirchberg’s covering number in place
of n-comparison will contribute to the solution of the above mentioned question.
It is interesting to look at Theorem 0.1 in the special case of simple C∗-algebras.
In this case, the result implies that stabilizations of all separable, simple, unital,
nuclear C∗-algebras that have been classified so far do have the corona factorization
property. This fact is not new, since all such C∗-algebras are known to be Z-
stable; however, our argument does not distinguish between the stably finite and
the purely infinite case, hence points towards the possibility of a unified approach to
the classification problem for purely finite and purely infinite nuclear C∗-algebras.
The paper is organized as follows. We fix some notation in Section 1. In Section 2
we recall the corona factorization property and some related facts on stable C∗-
algebras. Section 3 states the definitions of nuclear dimension and of Kirchberg’s
covering number, and relates the two concepts. Our main result is stated and
proven in Section 4.
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1. Preliminaries
1.1 Notation: Let A be a C∗-algebra and let a, b ∈ A+ be positive elements. We
write
a  b,
if there is x ∈ A such that
a = x∗x and xx∗ ≤ b.
We write a ∼ b if there is x ∈ A such that
a = x∗x and b = xx∗.
1.2 Remarks: (i) Note that, if in the situation of 1.1 a and b are projections, then
a  b means that a is Murray–von Neumann subequivalent to b.
(ii) If a is a projection and b is a positive element of norm at most one, then a  b
implies that for any x ∈ A with a = x∗x and xx∗ ≤ b we also have bxx∗ = xx∗,
hence a = x∗bx.
1.3 Notation: As usual, we denote by Mk the C
∗-algebra of complex k by k
matrices, and by K the C∗-algebra of compact operators on a countably infinite
dimensional Hilbert space. We will denote sets of matrix units for these algebras
by {eij | i, j = 1, . . . , k} and {fij | i, j = 1, 2, . . .}, respectively.
2. The corona factorization property
Below we recall the definition of the corona factorization property (cf. [18]) and
some related facts about stable C∗-algebras. We also derive a useful criterion for
when a unital C∗-algebra has the corona factorization property.
2.1 Definition: Let B be a separable and stable C∗-algebra. B is said to have
the corona factorization property, if every full projection in M(B) is Murray–von
Neumann equivalent to 1M(B).
2.2 Lemma: Let A be a unital separable C∗-algebra. Let c ∈ M(A ⊗ K) be a full
element. Then for every b ∈ A⊗K, c+ b is a full element of M(A⊗K).
Proof: Since c ∈ M(A ⊗ K) is full, we may choose x1, x2, .., xn, y1, y2, ..., yn ∈
M(A⊗K) such that
(1)
n∑
j=1
xjcyj = 1M(A⊗K).
Note that we have
(2)
∞∑
i=1
1A ⊗ fii = 1M(A⊗K),
where the sum converges in the strict topology on M(A⊗K).
Now since A⊗K is an ideal of M(A⊗K), and since b ∈ A⊗K, we have
b′ :=
n∑
i=1
xibyi ∈ A⊗K.
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Hence, by (2), we can choose N ≥ 1 such that for all m ≥ N ,
(3)
∥∥∥b′
(∑
i≥m 1A ⊗ fii
)∥∥∥ ,
∥∥∥
(∑
i≥m 1A ⊗ fii
)
b′
∥∥∥ < ε.
Now let s ∈M(A⊗K) be an isometry with range projection
∑
i≥N 1A⊗fii. Hence,
by (3),
‖s∗b′s‖ < ε.
Therefore, by (1), ∥∥∥∑nj=1 s∗xj(c+ b)yjs− 1M(A⊗K)
∥∥∥
≤
∥∥∥∑nj=1 s∗xjcyjs− 1M(A⊗K)
∥∥∥+ ‖s∗b′s‖
< 0 + ε.
Hence, if ε > 0 was chosen small enough, we see that
∑n
j=1 s
∗xj(c+ b)yjs must be
invertible; and hence, c+ b is full in M(A⊗K).
2.3 For a C∗-algebra B, let F (B) denote the set of positive elements which have a
multiplicative identity, i.e.,
F (B) := {a ∈ B+ | ∃b ∈ B+ : ab = a}.
We shall need the following result due to Hjelmborg and Rordam [7]:
Lemma: Let B be a σ-unital C∗-algebra. Then the following are equivalent:
(1) B is stable.
(2) For every a ∈ F (B), there exists b ∈ B+ such that a ∼ b and a ⊥ b.
2.4 The next result is [15, Proposition 3.3].
Proposition: Let B be a separable, stable C∗-algebra. Let l be a nonzero positive
element of M(B). Then the hereditary subalgebra lBl ⊂ B is isomorphic to a
hereditary subalgebra of the form pBp, where p is a multiplier projection.
Moreover, if l is a norm-full element of M(B), then p can also be chosen to be a
norm-full element of M(B).
2.5 The following will be useful for the proof of our main result in Section 4.
Proposition: Let A be a separable and unital C∗-algebra. Suppose that, for any
full projection p ∈M(A⊗K), we have 1A ⊗ f11  p.
Then, A⊗K has the corona factorization property.
Proof: Say that p ∈ M(A ⊗ K) is a full projection. We will first show that
p(A⊗K)p is a stable C∗-algebra.
Let a ∈ F (p(A ⊗ K)p) be given. Hence, let b ∈ p(A ⊗ K)p be a positive element
such that ab = a. For simplicity, let us assume that ‖a‖ = ‖b‖ = 1.
By Lemma 2.2, p−b is a full positive element ofM(A⊗K). Hence, by Proposition
2.4, let q ∈ M(A⊗K) be a full projection such that there exists a ∗-isomorphism
φ : q(A⊗K)q → (p− b)(A⊗K)(p − b).
By hypothesis, let f ∈ q(A⊗ K)q be a projection such that f ∼ 1A ⊗ f1,1. Note
that since 1A ⊗ f1,1 is full in A ⊗ K, f is full in q(A ⊗ K)q. Hence, φ(f) is full
in φ(q(A ⊗ K)q) = (p− b)(A⊗K)(p− b). But since p − b is full in M(A ⊗ K),
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(p− b)(A⊗K)(p− b) is a full hereditary subalgebra of A⊗K. Hence, φ(f) is a full
element of p(A⊗K)p. Hence, there exists N ≥ 1 such that
b 
N⊕
φ(f).
By repeated applications of Lemma 2.2, by the hypothesis, and using a short
induction argument, we can show that there exists a projection g ∈ q(A⊗K)q such
that
g ∼
N⊕
(1A ⊗ f1,1).
Hence, we have that
a  b  φ(g).
Moreover, since φ(g) ∈ (p− b)(A⊗K)(p − b), we also have that
φ(g) ⊥ a.
Since a was arbitrary, it follows, by Lemma 2.3, that p(A ⊗ K)p is a stable C∗-
algebra.
From Brown’s theorem [2, Corollary 2.8] we now see that p(A ⊗ K)p ∼= A ⊗ K.
Hence,
pM(A⊗K)p ∼=M(p(A⊗K)p) ∼=M(A⊗K).
(For the first isomorphism, see for example [12, Lemma 11].) It follows that the
unit of pM(A⊗K)p, which is p, must be properly infinite. But it is straightforward
to check that a properly infinite full projection is equivalent to the unit, so, p ∼
1M(A⊗K) in M(A⊗K), as desired.
3. Nuclear dimension and Kirchberg’s covering number
In this section we recall some concepts and results related to noncommutative
topological dimension.
3.1 Recall the following definition from [27].
Definition: A C∗-algebra A has nuclear dimension at most n, dimnucA ≤ n,
if there exists a net (Fλ, ψλ, ϕλ)λ∈Λ such that the Fλ are finite-dimensional C
∗-
algebras, and such that ψλ : A→ Fλ and ϕλ : Fλ → A are completely positive maps
satisfying
(1) ϕλ ◦ ψλ(a)→ a for any a ∈ A;
(2) ‖ψλ‖ ≤ 1;
(3) for each λ, Fλ decomposes into n + 1 ideals Fλ = F
(0)
λ ⊕ . . . ⊕ F
(n)
λ such
that ϕλ|F (i)
λ
is a c.p.c. order zero map for i = 0, 1, . . . , n.
3.2 In [10], Kirchberg introduced his notion of a covering number for a unital C∗-
algebra.
Definition: Let A be a unital C∗-algebra and n ∈ N. A has covering number at
most n, covA ≤ n, if the following holds:
For any k ∈ N, there are a finite-dimensional C∗-algebra F , d(1), . . . , d(n) ∈ A
and a c.p. map ϕ : F → A such that
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(1) F has no irreducible representation of rank less than k
(2) ϕ is (n− 1)-decomposable with respect to F = F (1) ⊕ . . .⊕ F (n)
(3) 1A =
∑n
j=1(d
(j))∗ϕ(j)(1F (j))d
(j).
3.3 The following was shown in [27, Proposition 4.3], the last statement following
from the proof of that result.
Proposition: Let A be a separable C∗-algebra no hereditary C∗-subalgebra of
which has a nonzero elementary quotient, and let ω ∈ βN \ N be a free ultrafilter.
Suppose dimnucA ≤ n <∞. Then,
cov(Aω ∩A
′/Ann(A)) ≤ (n+ 1)2,
where
Ann(A) := {b ∈ Aω | bA = Ab = 0}
denotes the annihilator of A in Aω.
In fact, for any k ∈ N and l = 1, . . . , (n+ 1)2, there are c.p.c. order zero maps
̺(l) : Mk ⊕Mk+1 → Aω ∩ A
′/Ann(A)
such that
(n+1)2∑
l=1
̺(l)((1k,1k+1)) ≥ 1Aω∩A′/Ann(A).
3.4 Proposition: Let A be a C∗-algebra, q ∈ A and p ∈ M(A) projections, and
ω ∈ βN \ N a free ultrafilter.
If q  ι(p) in M(A)ω/Ann(A) (where ι :M(A)→M(A)ω/Ann(A) is the canon-
ical embedding), then q  p in M(A).
Proof: We may lift the Murray–von Neumann relation q  ι(p) to find a sequence
of contractions
v = (vn)N ∈
∏
N
M(A)
satisfying
qvnp = vn for all n ∈ N and lim
ω
(vnv
∗
n − q) ∈ Ann(A).
Since q ∈ A, these relations in fact imply that
lim
ω
vnv
∗
n = q.
Since ω is free, there is a subsequence (vnk)k∈N such that
lim
k→∞
vnkv
∗
nk = q;
note that we also have
v∗nkvnk ≤ p for all k ∈ N.
Now the assertion follows from the fact that Murray–von Neumann subequivalence
is a semiprojective relation (cf. [17]).
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4. The main result
In this section, we derive our main result, Theorem 4.3.
4.1 Proposition: Let A be a separable and unital C∗-algebra and p ∈M(A⊗K)
a full positive contraction. Let k ∈ N and q ∈ Mk+1 ⊗ A⊗ K be a projection such
that
q  1k ⊗ p,
where we have identified Mk ⊗M(A⊗K) with its upper left corner embedding into
Mk+1 ⊗M(A⊗K).
Then, there are positive contractions
d ∈ p(A⊗K)p and p′ ∈ pM(A⊗K)p
such that p′ is full in M(A⊗K), and such that
d ⊥ p′ and q  1k ⊗ d.
Proof: Since q is a projection in Mk+1⊗A⊗K, it is straightforward to check that
we may in fact assume that
q ∈ 1k ⊗ p(A⊗K)p ⊂Mk ⊗A⊗K.
Let (un)N be an idempotent approximate unit for p(A⊗K)p, then
(1k ⊗ u
1
2
n )q(1k ⊗ u
1
2
n )→ q.
Again since q is a projection, one checks that, if n0 is large enough, then
q  1k ⊗ un0 .
Since (un)N was idempotent, we have
un0 ⊥ (1M(A⊗K − un0+1)p(1M(A⊗K) − un0+1).
By Lemma 2.2, (1M(A⊗K) − un0+1)p(1M(A⊗K) − un0+1) is full in M(A ⊗ K), so
that
d := un0
and
p′ := (1M(A⊗K) − un0+1)p(1M(A⊗K) − un0+1) = p(1M(A⊗K) − un0+1)
2p
have the required properties.
4.2 Lemma: Let A be a separable and unital C∗-algebra, m ∈ N and p ∈M(A⊗K)
a full projection.
Then, there are k ∈ N and d(1), . . . , d(m) ∈ (A⊗K)+ with the following properties:
(i) the d(l) are pairwise orthogonal, have norm at most one and satisfy
m∑
l=1
d(l) ≤ p
(ii) 1k+1 ⊗ 1A ⊗ f11  1k ⊗ d
(l) for l = 1, . . . ,m.
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Proof: Set
(4) p(0) := p.
Suppose that for some 0 ≤ l < m, a full positive contraction p(l) ∈ M(A⊗ K) has
been constructed. Then, there is k(l+1) ∈ N such that
e11 ⊗ 1M(A⊗K)  1k(l+1) ⊗ p
(l)
in Mk(l+1) ⊗M(A⊗K). But then also
1k(l+1)+1 ⊗ 1A ⊗ f11  1k(l+1) ⊗ p
(l).
Use Proposition 4.1 to find positive contractions
d(l+1) ∈ p(l)(A⊗K)p(l) and p(l+1) ∈ p(l)M(A⊗M)p(l)
such that p(l+1) is full in M(A⊗K), and such that
d(l+1) ⊥ p(l+1)
and
1k(l+1)+1 ⊗ 1A ⊗ f11  1k(l+1) ⊗ d
(l+1).
Procced inductively to obtain k(l) ∈ N and positive contractions d(l) ∈ A⊗ K and
p(l) ∈M(A⊗K) satisfying
(a) d(l) ∈ p(l−1)(A⊗K)p(l−1)
(b) p(l) ∈ p(l−1)M(A⊗K)p(l−1)
(c) p(l) is full in M(A⊗ K)
(d) d(l) ⊥ p(l)
(e) 1k(l)+1 ⊗ 1A ⊗ f11  1k(l) ⊗ d
(l)
for l = 1, . . . ,m.
Note that (a), (b), (d) and (4) imply that the d(l) are positive contractions which
are pairwise orthogonal and which satisfy
m∑
l=1
d(l) ≤ p,
so that 4.2(i) holds.
Set
k :=
m∏
i=1
k(i) and kˇ(l) :=
k
k(l)
for l = 1, . . . ,m. We have (with the obvious identifications)
1k+1 ⊗ 1A ⊗ f11 ≤ 1k+kˇ(l) ⊗ 1A ⊗ f11
= 1(k(l)+1)·kˇ(l) ⊗ 1A ⊗ f11
(e)
≤ 1k(l)·kˇ(l) ⊗ d
(l)
= 1k ⊗ d
(l)
for each l ∈ 1, . . . ,m, so 4.2(ii) holds.
4.3 We are now prepared to prove our main result.
Theorem: Let A be a separable and unital C∗-algebra no hereditary C∗-subalgebra
of which has an elementary quotient. Suppose dimnucA ≤ n <∞.
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Then, A⊗K has the corona factorization property.
Proof: Let p ∈M(A⊗K) be a full projection. In view of Proposition 2.5, it will
suffice to show that
(5) 1A ⊗ f11  p in M(A⊗K).
Set
m := (n+ 1)2
and employ Lemma 4.2 to obtain k ∈ N and pairwise orthogonal elements
d(1), . . . , d(m) ∈ (A⊗K)+
such that
(6)
m∑
l=1
d(l) ≤ p
and
(7) 1k+1 ⊗ 1A ⊗ f11  1k ⊗ d
(l) for l = 1, . . . ,m.
Using (7) and Remark 1.2(ii), we find
v
(l)
k ∈Mk ⊗A⊗K and v
(l)
k+1 ∈Mk+1 ⊗A⊗K
such that
(8) (v
(l)
k )
∗(1k ⊗ d
(l))v
(l)
k+1 = 1k+1 ⊗ 1A ⊗ f11
and
(v
(l)
k+1)
∗(1k ⊗ d
(l))v
(l)
k = 1k ⊗ 1A ⊗ f11
Employ Proposition 3.3 to find c.p.c. order zero maps
(9) ̺(l) : Mk ⊕Mk+1 → (A⊗K)ω ∩ (A⊗K)
′/Ann(A⊗K) =: B
for l = 1, . . . ,m, such that
(10)
m∑
l=1
̺(l)((1k,1k+1)) ≥ 1B.
For l = 1, . . . ,m, define linear maps
ζ
(l)
k : Mk ⊗Mk →Mk ⊗B
by
(11) eij ⊗ ei′j′ 7→ eij ⊗ d
(l)̺(l)((ei′j′ , 0)) for i, j, i
′, j′ = 1, . . . , k,
and
ζ
(l)
k+1 : Mk+1 ⊗Mk+1 →Mk+1 ⊗B
by
(12) eij ⊗ ei′j′ 7→ eij ⊗ d
(l)̺(l)((0, ei′j′)) for i, j, i
′, j′ = 1, . . . , k + 1.
Using that
(13) [d(l), ̺(l)(Mk ⊕Mk+1)] = 0,
one checks that ζ
(l)
k and ζ
(l)
k+1 are c.p.c. order zero maps and that
(14) ζ
(l)
k¯
(Mk¯ ⊗Mk¯) ⊥ ζ
(l′)
k˜
(Mk˜ ⊗Mk˜) if l 6= l
′ ∈ {1, . . . ,m} and k¯, k˜ ∈ {k, k + 1}.
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Similarly, we may define c.p.c. order zero maps
ξ
(l)
k : Mk ⊗Mk →Mk ⊗B
by
(15) eij ⊗ ei′j′ 7→ eij ⊗ ((1A ⊗ f11)̺
(l)((ei′j′ , 0)))
and
ξ
(l)
k+1 : Mk+1 ⊗Mk+1 →Mk+1 ⊗B
by
(16) eij ⊗ ei′j′ 7→ eij ⊗ ((1A ⊗ f11)̺
(l)((0, ei′j′))).
Let
ζ¯
(l)
k , ξ¯
(l)
k : Mk ⊗Mk →Mk ⊗B
∗∗
and
ζ¯
(l)
k+1, ξ¯
(l)
k+1 : Mk+1 ⊗Mk+1 →Mk+1 ⊗B
∗∗
be the respective canonical supporting ∗-homomorphisms, cf. [22] and [26].
Next, choose partial isometries
sk ∈Mk ⊗Mk and sk+1 ∈Mk+1 ⊗Mk+1
satisfying
(17) sks
∗
k = e11 ⊗ 1k, s
∗
ksk = 1k ⊗ e11
and
(18) sk+1s
∗
k+1 = e11 ⊗ 1k+1, s
∗
k+1sk+1 = 1k+1 ⊗ e11.
For l = 1, . . . ,m, set
(19) u
(l)
k := ζ
(l)
k (e11 ⊗ 1k)
1
2 ζ¯
(l)
k (sk)v
(l)
k ξ¯
(l)
k (s
∗
k) ∈Mk ⊗B
∗∗
and
(20) u
(l)
k+1 := ζ
(l)
k+1(e11 ⊗ 1k+1)
1
2 ζ¯
(l)
k+1(sk+1)v
(l)
k+1 ξ¯
(l)
k+1(s
∗
k+1) ∈Mk+1 ⊗B
∗∗.
We claim that in fact
u
(l)
k ∈Mk ⊗B and u
(l)
k+1 ∈Mk+1 ⊗B.
To this end, note that
u
(l)
k = ζ
(l)
k (1k ⊗ 1k)
1
2 ζ¯
(l)
k ((e11 ⊗ 1k)sk)v
(l)
k ξ¯
(l)
k (s
∗
k)
= (1k ⊗ d
(l))
1
4 (1k ⊗ d
(l)̺(l)((1k, 0)))
1
4 (1k ⊗ ̺
(l)((1k, 0)))
1
4
ζ¯
(l)
k ((e11 ⊗ 1k)sk)v
(l)
k ξ¯
(l)
k (s
∗
k)
= (1k ⊗ d
(l))
1
4 (ζ
(l)
k )
1
4 ((e11 ⊗ 1k)sk)v
(l)
k (ξ
(l)
k )
1
4 (s∗k) ∈Mk ⊗B,
where we have used functional calculus for order zero maps (cf. [23] and [26, 3.2])
as well as the fact that the image of ̺(l) commutes with A⊗K in B. That u
(l)
k+1 ∈
Mk+1 ⊗B is checked similarly.
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Next, we compute for l, l′ ∈ {1, . . . ,m}
(u
(l′)
k )
∗u
(l)
k
(19)
= ξ¯
(l′)
k (sk)(v
(l′)
k )
∗ζ¯
(l′)
k (s
∗
k)ζ
(l′)
k (e11 ⊗ 1k)
1
2
ζ
(l)
k (e11 ⊗ 1k)
1
2 ζ¯
(l)
k (sk)v
(l)
k ξ¯
(l)
k (s
∗
k)
(14)
= δll′ · ξ¯
(l)
k (sk)(v
(l)
k )
∗ζ¯
(l)
k (s
∗
k)ζ
(l)
k (e11 ⊗ 1k)ζ¯
(l)
k (sk)v
(l)
k ξ¯
(l)
k (s
∗
k)
= δll′ · ξ¯
(l)
k (sk)(v
(l)
k )
∗ζ
(l)
k (s
∗
k(e11 ⊗ 1k)sk)v
(l)
k ξ¯
(l)
k (s
∗
k)
(17)
= δll′ · ξ¯
(l)
k (sk)(v
(l)
k )
∗ζ
(l)
k (1k ⊗ e11)v
(l)
k ξ¯
(l)
k (s
∗
k)
(11)
= δll′ · ξ¯
(l)
k (sk)(v
(l)
k )
∗(1k ⊗ d
(l)̺(l)((e11, 0)))v
(l)
k ξ¯
(l)
k (s
∗
k)
(8),(9)
= δll′ · ξ¯
(l)
k (sk)(1k ⊗ ((1A ⊗ f11)̺
(l)((e11, 0))))ξ¯
(l)
k (s
∗
k)
(15)
= δll′ · ξ¯
(l)
k (sk)ξ
(l)
k (1k ⊗ e11)ξ¯
(l)
k (s
∗
k)
= δll′ · ξ
(l)
k (sk(1k ⊗ e11)s
∗
k)
(17)
= δll′ · ξ
(l)
k (e11 ⊗ 1k)
(15)
= δll′ · e11 ⊗ ((1A ⊗ f11)̺
(l)((1k, 0))).(21)
Similarly, one checks
(22) (u
(l)
k+1)
∗u
(l)
k+1 = δll′ · e11 ⊗ ((1A ⊗ f11)̺
(l)((0,1k+1))).
Let us identify Mk with its upper left corner embedding into Mk+1, so that u
(l)
k
and u
(l)
k+1 all live in Mk+1 ⊗B. Using (11), (12), (13), (19), (20) and the fact that
̺(l) has order zero, one checks that
(23) (u
(l′)
k+1)
∗u
(l)
k = 0 for all l, l
′ ∈ {1, . . . ,m}.
We are now ready to define
(24) v :=
m∑
l=1
(u
(l)
k + u
(l)
k+1)(e11 ⊗
m∑
l=1
̺(l)((1k,1k+1)))
− 12 ∈Mk+1 ⊗B,
where the inverse is taken in e11 ⊗B (this is possible by (10)). We compute
v∗v
(24),(21),(22),(23)
= (e11 ⊗
m∑
l=1
̺(l)((1k,1k+1)))
− 12
(e11 ⊗ ((1A ⊗ f11)
m∑
l=1
̺(l)((1k,1k+1))))
(e11 ⊗
m∑
l=1
̺(l)((1k,1k+1)))
− 12
(9)
= e11 ⊗ 1A ⊗ f11.(25)
Furthermore, we note that
u
(l)
k (u
(l)
k )
∗
(19)
≤ ζ
(l)
k (e11 ⊗ 1k)
(11)
≤ e11 ⊗ d
(l)
(6)
≤ e11 ⊗ p,
so
(e11 ⊗ p)u
(l)
k = u
(l)
k ,
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and, similarly,
(e11 ⊗ p)u
(l)
k+1 = u
(l)
k+1.
This implies
(e11 ⊗ p)vv
∗ = vv∗
and, since vv∗ is a contraction,
(26) vv∗ ≤ e11 ⊗ p.
Note that (25) and (26) in particular imply that v ∈ e11 ⊗ B. Identifying e11 ⊗ B
with B, we see from (25) and (26) that
1A ⊗ f11  ι(p)
in M(A ⊗ K)ω/Ann(A ⊗ K), where ι : M(A ⊗ K) → M(A ⊗ K)ω/Ann(A ⊗ K)
denotes the canonical embedding via central sequences. By Proposition 3.4, this
implies (5).
4.4 It follows directly from [13, Theorem 2.9] that separable type I C∗-algebras
with finite decomposition rank have the corona factorization property, cf. [18, The-
orem 3.1]. We remark in closing that essentially the same proof yields the respective
result for nuclear dimension in place of decomposition rank.
Theorem: Let A be a separable type I C∗-algebra. Suppose dimnucA ≤ n <∞.
Then, A⊗K has the corona factorization property.
Proof: The proof is essentially the same as that of [13, Theorem 2.9]. Start-
ing with a composition series (Jα) for A such that each Jα+1/Jα has continuous
trace, there the permanence properties of the decomposition rank implied that the
continuous trace algebras Jα+1/Jα have decomposition rank at most drA. The
same reasoning works for the nuclear dimension by [27, Proposition 2.9]. But since
nuclear dimension and decomposition rank agree (with covering dimension of the
spectrum) for continuous trace algebras (see [27, Corollary 2.10]), one can proceed
just as in the proof of [13, Theorem 2.9] from here. We omit the details.
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